I. INTRODUCTION
The Majorana nature of the neutrinos could be immediately established by confirming the possible occurrence of any one out of four experimentally distinguishable modes of lepton number violating neutrinoless double beta (ββ) 0ν decay, namely the double-electron emission (β − β − ) 0ν , double-positron emission (β + β + ) 0ν , electronpositron conversion (εβ + ) 0ν and double-electron capture (εε) 0ν . The latter three modes are energetically competing and we shall refer to them as (e + ββ) 0ν decay. The kinetic energy release in the (εε) 0ν mode is the largest. However, the conservation of energy-momentum requires the emission of an additional particle in the (εε) 0ν mode. The absorption of atomic electrons from the K-shell is forbidden for the 0 + → 0 + transition due to the emission of one real photon. Consequently, various processes such as internal pair production, internal conversion, emission of two photons, L-capture etc. [1] have to be considered. The decay rates of the above mentioned processes have to be calculated at least by the third order perturbation theory and are suppressed by a factor of the order of 10 −4 in comparison to the (εβ + ) 0ν mode. Hence, the experimental as well as theoretical studies of (e + ββ) 0ν decay had been mostly restricted to (β + β + ) 0ν and (εβ + ) 0ν modes only.
The idea behind the resonant enhancement of (εε) 0ν mode [2] [3] [4] [5] , has been recently reanalyzed [6, 7] and it has been shown that there will be resonant enhancement of the (εε) 0ν mode upto a factor of 10 6 provided the nuclear levels in the parent and daughter nuclei are almost degenerate i.e. Q − (E 2P − E 2S ) ∼ 1 keV , where the energy difference is for atomic levels. Subsequently, detailed theoretical studies on the resonant enhancement of (εε) 0ν mode have also been performed [8, 9] . In the mean time, experimental studies on resonance enhancement of (εε) 0ν mode in 74 Ge [10, 11] , 96 Ru [12] , 106 Cd [13, 14] , 112 Sn [15] [16] [17] [18] [19] , 136 Ce [20] and 180 W [21] isotopes have already been carried out and the study of this (εε) 0ν mode is emerging as an interesting possibility for the investigation of (ββ) 0ν decay. In addition to establishing the Dirac or Majorana nature of neutrinos, the observation of (ββ) 0ν decay can also ascertain the role of various mechanisms in different gauge theoretical models [22] . The study of (ββ) 0ν decay can clarify a number of issues, such as the origin of the neutrino mass, their absolute scale as well as hierarchy, and possible CP violation in the leptonic sector. The (ββ) 0ν and (e + ββ) 0ν decay modes can provide us with similar but complementary information. The observation of (e + ββ) 0ν decay modes would be helpful in determining the presence of mass mechanism or right handed currents [23] . The varied scope and far reaching nature of the experimental and theoretical studies on the (ββ) 0ν decay have been recently reviewed by Avignone et al. [24] , Vergados et al. [25] and Faessler et al. [26] The nuclear ββ decay proceeds through strongly suppressed channels which are very sensitive to details of the wave functions of the parent, intermediate and daughter nuclei. Hence, the calculations of non-collective nuclear ββ decay related observables are quite challenging. In any nuclear model, there are three basic ingredients, namely the model space, the single particle energies (SPEs) and the effective two body interactions. Usually, these are chosen on the basis of practical considerations. While all models are able to reproduce most of the observed (ββ) 2ν decay half lives by adjusting free parameters in the model, different predictions are obtained for other observables, like the (ββ) 0ν decay half lives, due to the inherent freedom in choosing the basic ingredients of the model.
A variety of nuclear models is currently employed in this endeavor. Large scale shell model calculations are quite successful [27] [28] [29] , but highly limited in the description of medium and heavy mass nuclei. The most popular and successful model is the Quasiparticle Random Phase Approximation (QRPA) and its extensions [30, 31] . The inclusion of nuclear deformation has also been carried out in the deformed QRPA [32, 33] , the Projected HartreeFock-Bogoliubov (PHFB) [34] [35] [36] , the pseudo-SU(3) [37] , the Interacting Boson Model (IBM) [38] , and the Energy Density Functional (EDF) [39] approaches. In the study of both (ββ) 2ν and (ββ) 0ν decay modes, the renormalized value of axial vector coupling constant g A is a major source of uncertainty. In the (ββ) 0ν decay, the role of pseudoscalar and weak magnetism terms [40, 41] is crucial, and the finite size of nucleons (FNS) and short range correlations (SRC) play a decisive role vis-a-vis the radial evolution of nuclear transition matrix elements (NTMEs) [28, 35, 36, 42] .
Usually, three different approaches have been adopted for estimating the uncertainties in NTMEs for (β − β − ) 0ν decay. The spread between all the available calculated NTMEs has been used as the measure of the theoretical uncertainty [43] . The same spread between NTMEs can also be translated into average and standard deviation, which can be interpreted as theoretical uncertainty [44, 45] . According to Bilenky and Grifols [46] , the observation of (ββ) 0ν decay of different nuclei will provide a method, in which the ratios of the NTMEs-squared can be compared with the ratios of observed half-lives T 0ν 1/2 and the results of calculations of NTMEs can be checked in a model independent way.
The theoretical uncertainties were estimated by Rodin et al. [47] by considering two models, QRPA and RQRPA, with three sets of basis states and three realistic two-body effective interactions based on the charge dependent Bonn, Argonne and Nijmen potentials. It was found that the variances were substantially smaller than the average values and the results of QRPA, albeit slightly larger, are quite close to the RQRPA values. The critical analysis of the advantages and deficiencies in the approach of Rodin et al. [47] by Suhonen [48] and Rodin et al. [49] is quite instructive. Further studies on the uncertainties in NTMEs due to SRC using the unitary correlation operator method (UCOM) [50] and by selfconsistent coupled cluster method (CCM) [51] have also been carried out.
Recently, the uncertainties in the (β − β − ) 0ν NTMEs due to the exchange of light [35] and heavy [36] 
The article is organized as follows. A brief discussion of the theoretical formalism is presented in Sec. II. In Sec. III, we analyze the role of the different parameterizations of the two body interaction, the finite size of nucleons and higher order currents (HOC). The influence of the SRC in the radial evolution of the NTMEs is also presented. In the same Sec. III, we estimate the uncertainties, which are subsequently employed for extracting bounds on the effective mass of light neutrinos m ν and heavy neutrinos M N . In Sec. IV, the conclusions are presented.
II. THEORETICAL FORMALISM
In the Majorana neutrino mass mechanism, the halflives T 0ν 1/2 for the 0 + → 0 + transition of (β + β + ) 0ν and (εβ + ) 0ν modes are given by [1, 40, 41 ]
(1) Here, β denotes the (β
and
where K = 0ν (0N ) denotes the exchange of light (heavy) Majorana neutrino mechanism. In the PHFB model, the NTMEs M (K) for the (β + β + ) 0ν and (εβ + ) 0ν modes are calculated by employing the closure approximation [34] 
where
with
and the expressions for n J , n (Z,N ),(Z−2,N +2) (θ), f Z,N and F Z,N (θ) are given in Ref. [34] . The three components of the nuclear transition matrix element M (K) are denoted by F , GT and T corresponding to Fermi, Gamow-Teller and tensor terms.
The neutrino potentials due to the exchange of light and heavy neutrinos between nucleons having finite size are given by
where f α (qr nm ) = j 0 (qr nm ) for α = F, GT and f α (qr nm ) = j 2 (qr nm ) for α = T . The above expressions for the NTMEs M (K) were obtained by including pseudoscalar and weak magnetism terms in the nucleonic current and employing the Goldberger-Treiman PCAC relation for the induced pseudoscalar term [40] .
Usually, the influence of the finite size of nucleons (FNS) is taken into account through dipole form factors. The functions h F (q), h GT (q) and h T (q) are written as
with g V = 1.0, g A = 1.254, κ = µ p − µ n = 3.70, Λ V = 0.850 GeV and Λ A = 1.086 GeV. Consideration of Eq. (6)-Eq. (12) and Eq. (5) implies that the Fermi matrix element M
GT −MM and there are three terms M
In the literature, the short range correlations (SRC) have been included through the exchange of ω-meson [37] , effective transition operator [52] , unitary correlation operator method (UCOM) [42, 50] , self-consistent CCM [51] and phenomenological Jastrow type of correlations with Miller-Spenser parameterization [53] . Further,Šimkovic et al. [51] have shown that in the self-consistent CCM, it is possible to parametrize the effects of Argonne V18 and CD-Bonn nucleon-nucleon (N N ) potentials by the Jastrow correlations with Miller-Spenser type of parameterization given by
In the present work, the above form is adopted with a = The NTMEs M (K) of the (β + β + ) 0ν / (εβ + ) 0ν decay mode in the PHFB model have been already discussed in Ref. [34] . The same formalism is employed here. The axially symmetric HFB intrinsic state |Φ 0 with K = 0 specified completely by the amplitudes (u im , v im ) and expansion coefficients C ij,m , is obtained by minimizing the expectation value of the effective Hamiltonian given by [54] 
in a basis constructed by using a set of deformed states.
Here, H sp denotes the single particle Hamiltonian and V (P ), V (QQ) and V (HH) are the pairing, quadrupolequadrupole and hexadecapole-hexadecapole parts of the effective two-body interaction, respectively. The details about the parameters of the pairing force G pp and G nn as well as three strength parameters of quadrupolar interaction, namely the proton-proton χ 2pp , the neutron-neutron χ 2nn and the proton-neutron χ 2pn have been given in Refs. [34, 55, 56] . Specifically, χ 2pp = χ 2nn = 0.0105 MeVb −4 , where b is the oscillator parameter and the strength parameter χ 2pn was varied to fit the experimental excitation energy of the 2 + state, E 2 + . Presently, we employ in addition an alternative isoscalar parameterization by taking χ 2pp = χ 2nn = χ 2pn /2 and the three parameters are varied together to fit E 2 + . These two parameterizations of the quadrupolar interaction are referred as P QQ1 and P QQ2. The details about the HH part of the effective interaction V (HH) have also been given in Ref. [54] . The calculations including the hexadecapolar term HH are denoted as P QQHH. With the consideration of the hexadecapolar interaction, we end up with four different parameterizations, namely P QQ1, P QQHH1, P QQ2 and P QQHH2 of the effective two-body interaction. By employing the four different parameterization of the two body effective interaction and three different parameterizations of SRC, sets of twelve NTMEs M (0ν) and M (0N ) for the (β + β + ) 0ν and (εβ + ) 0ν modes are obtained using Eq. (5) and subsequently, the mean and standard deviations are calculated for estimating uncertainties associated in the results of the present work.
III. RESULTS AND DISCUSSIONS
In the present work, we use the same model space, single particle energies (SPE's) and parameters of the effective two-body interaction as our earlier calculations on the (e + ββ) The theoretically calculated sets of twelve NTMEs M (0ν) and M (0N ) using the HFB wave functions in conjunction with P QQ1, P QQHH1, P QQ2 and P QQHH2 interaction and three different parameterizations of the (i) Changing A to A/2 in the energy denominator, the changes in the NTMEs M (0ν) vary between 9%-12 % exhibiting that the dependence of NTMEs on average excitation energy A is small, which supports the use of the closure approximation in the case of the (ββ) 0ν decay.
(ii) Inclusion of effects due to FNS induces changes in the NTMEs M (0ν)
AA by 9.0%-13.0%. Further, the addition of higher order currents (HOC) reduces the NTMEs by 11.0%-15.0%.
(iii) With the addition of SRC1, SRC2 and SRC3, the NTMEs M (0ν) vary approximately by 13%-20%, 0.9%-2.6% and 2.5%-3.0%, respectively, in comparison to the case F. 68%, 39%-42% and 18%-20% for SRC1, SRC2 and SRC3, respectively. To understand the behaviour of SRC, we plot in Fig. 1 (r, Λ) f 2 (r) with three different parameterizations of the SRC. The potential including only FNS is peaked at origin whereas the peaks due to F+SRC1, F+SRC2 and F+SRC3 are at r ≈ 0.8 fm, 0.7 fm and 0.5 fm, respectively. The visible reduction of the area under the curves is the main cause behind the large changes reported in Table III . (vi) The maximum variations in M (0ν) (M (0N ) ) due to P QQHH1, P QQ2 and P QQHH2 parameterizations with respect to P QQ1 interaction, but for the pathological case 130 Ba, are about 21.0% (13.0%), 19.0% (17.0%) and 18.0% (27.0%).
(vii) The effect of deformation on M (K) is quantified by the quantity D (K) as the ratio of M (K) at zero deformation (ζ= 0) and full deformation (ζ= 1) and is given by [34] 
In 
B. Radial evolution of NTMEs
In the Majorana neutrino mass mechanism, the radial evolution of NTMEs can be studied by defining
The study of radial evolution of NTMEs M (0ν) in the QRPA byŠimkovic et al. [42] , and in the ISM by Menéndez et al. [58] , has established that the magnitude of C (0ν) for all nuclei undergoing (β − β − ) 0ν decay exhibit a maximum at about the internucleon distance r ≈ 1 fm, and that the contributions of decaying pairs coupled to J = 0 and J > 0 almost cancel out beyond r ≈ 3 fm. In the PHFB model, the radial evolution of NTMEs M (0ν) and M (0N ) for (β − β − ) 0ν decay due to the exchange of light [35] and heavy Majorana neutrinos [36] has also been studied and similar observations have been reported.
Presently, we study the radial dependence of C (0ν) as well as C (0N Fig. 2 we plot the radial dependence of C (0ν) and C (0N ) for 106 Cd, employing the P QQ1 parameterization of the effective two body interaction, for four combinations of FNS and SRC. In Fig. 3 , the radial evolution of C (0ν) and C (0N ) are displayed together for the six nuclei under study, for the four combinations of FNS and SRC.
In the case of light Majorana neutrino exchange, it is noticed that the C (0ν) are peaked at r = 1.0 fm for finite size nucleons and the addition of SRC1 and SRC2 shifts the peak to 1.25 fm. However, the position of the peak remains unchanged at r = 1.0 fm with the inclusion of SRC3. The radial distributions of C (0ν) extends up to 10 fm although the maximum contribution to M (0ν) results from the distribution up to 3 fm. In the case of heavy Majorana neutrino exchange, the C (0N ) are peaked at r ≈ 0.5 fm in the case of FNS, and with the addition of SRC1 and SRC2, the peak shifts to about 0.8 fm, and to 0.7 fm for SRC3. The radial distributions of C (0N ) extend up to 2 fm and the total distribution contributes to the evolution of M (0N ) . Remarkably, the above observations also remain valid with the other three parameterizations of the effective two-body interaction.
C. Uncertainties in nuclear transition matrix elements and nuclear sensitivity
The uncertainties associated with the NTMEs M the exchange of light and heavy neutrinos, respectively are evaluated by calculating the mean and standard deviation given by
The twelve NTMEs due to the exchange of light as well as heavy Majorana neutrinos listed in the three columns 4-6 and 11-13 (F+S) of Table I and εβ [60] have used SQRPA model with two model spaces, namely small basis (oscillator shells of 3hω − 5hω + i 13/2 orbit) and a large basis (oscillator shells of 2hω − 5hω + i 13/2 orbit). They used the same SPEs as those of Hirsch et al. and an effective two-body interaction derived from the Bonn-A potential. The NTMEs calculated in the SQRPA [60] do not depend much on the model space and differ by a factor of 1.8 ap- proximately from those of Hirsch et al. [23] .
There are no available theoretical results and experimental half-life limits for the 102 Pd and 156 Dy isotopes. The extracted limits on the effective light neutrino mass < m ν > as well as heavy neutrino mass < M N > using the phase space factors given in Ref. [34] and presently available experimental limits on observed half-lives of (β + β + ) 0ν and (εβ + ) 0ν modes are presented in Table VI . The extracted limits on < m ν > and < M N > are not so much stringent as in the case of (β − β − ) 0ν decay. Moreover, better limits are obtained in the case of (εβ + ) 0ν mode even for equal limits on half-lives of (β + β + ) 0ν and (εβ + ) 0ν modes. The best obtained limits for 106 Cd isotope are < m ν > < 1.16 × 10 3 (2.27 × 10 2 ) eV and < M N >> 1.57 × 10 4 (8.04 × 10 4 ) GeV in case of (β + β + ) 0ν and (εβ + ) 0ν modes, respectively. In the case of (β + β + ) 0ν and (εβ + ) 0ν modes, the extracted limits on the effective neutrino masses < m ν > and < M N > are not stringent enough and hence, we calculate halflives of these modes to be useful in the design of future experimental setups. The half-lives of (β + β + ) 0ν and (εβ + ) 0ν modes for < m ν >= 50 meV are calculated and extracted corresponding limits on heavy neutrino mass, < M N >, are given in the same Table VII.
In the absence of stringent limits on the effective neutrino masses < m ν > and < M N >, it is useful to calculate the nuclear sensitivity, defined as [40] 
where K stands for 0ν or 0N mode and an arbitrary normalization factor 10 8 is introduced so that the nuclear sensitivity turns out to be order of unity. 
